Multitower suspension bridge is of different style compared to the traditional suspension bridge with two towers, and consequently the dissimilarity of static and dynamic behaviors is distinct. As a special case of multitower suspension bridge, two long-span triple-tower suspension bridges have been constructed in China and the seismic random response of triple-tower suspension bridges is studied in this paper. A nonlinear dynamic analysis finite element model is established in ABAQUS and the Python language is utilized to facilitate the preprocess and postprocess during the finite element analysis. The procedure for random response calculation of structures based on the pseudoexcitation method is presented, with the initial equilibrium state of structure considered, which may be ignored for long-span bridges during calculating of stochastic response. The stationary seismic random responses of triple-tower suspension bridge under uniform excitation in firm, medium, and soft soil conditions and under spatially varying excitation in soft soil are investigated. The distribution of RMS of random responses of displacements and internal forces of the stiffening girder and towers is presented and discussed in detail. Results show that spatially variable ground motions should be considered in the stochastic analysis of triple-tower suspension bridge.
Introduction
Due to the advantages of suspension bridge, it has gained popularity throughout the world for spans up to approximately 2000 m, and the traditional suspension bridges are of the style of three spans and two towers. . In contrast to the traditional suspension bridge, multispan suspension bridges (MSB) are present in research, since longer main span lengths are required. Thai et al. (2013) propose an analysis method considering both geometric and material nonlinearities to predict the ultimate strength and behavior of multispan suspension bridges, using the catenary elements and stability functions [1] , and an example of triple-tower suspension bridge (TSB) was studied (1500 m + 3000 m + 3000 m + 1500 m). Forsberg (2001) discussed some special technical aspects of design of multispan suspension bridge, such as the continuity of suspension bridge main cables over two or more spans [2] . Yoshida et al. (2004) investigate structural characteristics of four-span suspension bridge, focusing on properties such as bending and torsional rigidity of the girder, sag ratio, and dead load [3] . The first triple-tower suspension bridge and the longest one in the world is the Taizhou Bridge (China, 390 m + 1080 m + 1080 m + 390 m), and the second one is Ma'anshan Bridge (China, 360 m + 1080 m + 1080 m + 360 m), which are the first time that this type of suspension bridges with main span exceeding 1000 m is constructed. The two triple-tower suspension 2 Mathematical Problems in Engineering bridges mentioned above provide important references for the analysis, design, and construction of TSB. present the consideration of style selection of the mid tower and the stiffness demands for triple-tower suspension bridge in detail [4] . Yang et al. (2008) discussed the key issues in design of Taizhou Bridge [5] , and Yang et al. (2010) present the key issues in design of Ma'anshan Bridge [6] . Jin et al. (2015) carried out the modal analysis of Ma'anshan Bridge in different construction stages and discussed the characteristic of modal [7] . analyze the full-range aerostatic stability of Ma'anshan Bridge [8] . In the work by Jiao et al. (2011 , the seismic performance of triple-tower suspension bridge was studied with time history nonlinear dynamic analysis methods in time domain, and the influence of elastic connection, fluid viscous dampers, and combination of both inelastic connections between girder and towers on the seismic responses are presented in detail [9, 10] . In the work by Deng et al. (2008) , the linear seismic response analysis was performed by using response spectrum and time history analysis method based on SAP2000 [11] . Li et al. (2015) investigate the seismic performance of different connecting configurations between the deck and pylons, which are referred to as seismic structural systems; a 1/40-scale model of TSB incorporating different seismic structural systems was tested on the shake tables at Tongji University and the test results show that the seismic responses of the threepylon two-span suspension bridge under seismic loads are highly dependent on the connecting configurations between the deck and pylons and the results are in good agreement with that of numerical results [12] . Most of the aforementioned studies dealt with the determinate seismic response of TSB with spectrum method or time history method (linear or nonlinear); however, the stochastic seismic response is one of the most important behaviors of TSB, and researches on the stochastic seismic response of TSB are quite few.
Stochastic responses of structures require extensive computations effort especially when the vibration frequencies of structures are very close to each other or the external excitations are complicated. DebChaudhury and Gasparini (1982, 1988 ) present a unique strategy for the calculation of random response of MDOF based on the superposition of multimodes by incorporating the excitation filter equations (wind load or earthquake motion) into the governing equations of structures, and the variable state form of equations and ordinary differential equations are obtained and related strategies such as Runge-Kutta method are available [13, 14] . Peng and Conte (1998) present a closed-form solution for the evolutionary correlation and PSD matrices characterizing the nonstationary response of linear elastic, both classically and nonclassically damped MDOF systems subjected to a fully nonstationary earthquake ground motion process [15] . Muscolino and Alderucci (2015) present a method to evaluate in closed form the evolutionary frequency response function of classically damped linear structural systems subjected to both separable and nonseparable nonstationary excitations, with considering simultaneously both the amplitude and frequency changes [16] . Soyluk (2004) investigates the comparison of random vibration methods for multisupport seismic excitation analysis of long-span bridges, and the results reveals that the structural responses for each random vibration analysis depend largely on the intensity and frequency contents of power spectral density functions [17] . However, the calculation methods for stochastic response of structure are much complicated and Lin et al. (1997 Lin et al. ( , 2004 ) present a novel method for the computation of stochastic response of structures under stationary or nonstationary, uniform, or spatially varying excitations pseudoexcitation method (PEM), with less computation effort required and the cross-correlations both between normal modes and between excitations being automatically calculated, in which the pseudoexcitations are employed instead of stochastic excitation [18, 19] . The PEM has been used widely in the random analysis of structures. A number of studies have been performed in the past related to the incorporation of PEM into the commercial finite element software to simplify the usage of PEM in computation of stochastic response of complex structures, stationary or nonstationary, such as Zhang et al. (2009 [20, 21] , Jiang et al. (2010) [22] , Guo et al. (2013) [23] , and Jia et al. (2013) [24] ; their researches are vitally important for popularizing the usage of PEM.
The stochastic responses of traditional double-tower suspension bridges have been investigated in detail by many researchers. However, studies in this field for TSB are still never found and especially investigations of the spatially varying excitations and the random vibration analysis for TSB are in great necessity. In this paper, Taizhou Bridge is taken as an example to perform the researches on the stationary stochastic seismic response of TSB under uniformly and spatially varying excitations. The tool used is a commercially available three-dimensional finite element code, ABAQUS [25] , which is capable of incorporating the geometric and material nonlinearity and a 3D analytical model is developed. The procedure of random vibration analysis of structures based on the PEM is presented, with the consideration of initial equilibrium state of structure considered, which is very important for long-span flexible structures. The tangent stiffness matrix at the state of static equilibrium should be used during the calculation of stochastic response of structure; however, most researches do not mention it at all or clearly and the elastic stiffness matrix may be adopted incorrectly. The problem mentioned above was accomplished properly by performing a nonlinear static analysis step before the PEM carried out in this paper. All the results are obtained in batch with the programming language of Python based on the platform of ABAQUS, and the stochastic responses of TSB are discussed in detail.
Finite Element Model
The main cables of the Taizhou Bridge, connecting Taizhou and Yanzhong in China crossing the Yangtze River, have a configuration of 390 m + 1080 m + 1080 m + 390 m and the rise-span ratio of each main cable is 1/9 and the distance between two parallel cables is 34.8 m in transverse direction of the bridge, shown as Figure 1 Geometric nonlinearity is one of the most important issues for long-span suspension bridges and the external loads such as dead load and prestress have an important effect on the tangent stiffness matrix of the structure. The tangent stiffness matrix of the bridge at the time of K is illustrated in (1) [27] , from which the effect of external loads and prestress on the initial displacement matrix K and the initial stress matrix K can be figured out. It is important that the tangent stiffness matrix should be employed in the dynamic analysis such as the time history analysis of structure caused by earthquake or wind, which is much significant for flexible long-span structures.
where K 0 is the elastic matrix, depending on the coordinate of nodes and independent of the displacement of nodes; K is the initial displacement matrix, caused by large displacement; K is the initial stress matrix, caused by the initial stress in elements.
In nonlinear dynamic analysis, the incremental finite element equilibrium equations in implicit time integration with equilibrium iterations are listed [28] :
where M and C are the mass and damping matrix, is the time variable, and Δ is the time increment/interval. +ΔÜ ( ) , +ΔU ( ) , and +Δ U ( −1) + ΔU ( ) are the approximations to the acceleration, velocities, and displacements obtained in iteration ( ), respectively. The vectors of nodal point forces +Δ F ( −1) and +Δ K are equivalent to the element stresses and tangent stiffness matrix in the configuration corresponding to the displacements +Δ U ( −1) . +Δ R is the vector of externally applied nodal loads at time + Δ . Once the displacements have been computed, the velocities and acceleration can be obtained from several assumptions on velocity and displacement such the trapezoidal rule, Newmark-method, and Bathe method [28] .
Three types of analysis were performed by Abdel-Ghaffar and Nazmy (1991): (a) linear static analysis followed by linear dynamic analysis (L-L), (b) nonlinear static analysis followed by linear dynamic analysis (NL-L), and (c) nonlinear static analysis followed by nonlinear dynamic analysis (NL-NL), which are shown in Figure 3 [29] . Therefore, different results may be obtained when different starting point of the dynamic analysis is chosen.
The initial equilibrium of base state is acquired by a geometric nonlinear static analysis with initial stress applied to the main cables and gravities to all the members of structure. The frequency extraction and dynamic time history analysis can be performed based on the initial equilibrium state. Frequency extraction is performed based on the initial equilibrium state and the first six models and frequencies are shown in Figure 4 , and the first model is antisymmetric lateral movement of girder and the second one is antisymmetric vertical movement of girder. The boundary conditions will be modified according to the analysis type in the proceeding step and the variables obtained are in absolute coordinate system. The assumption of Rayleigh damping is adopted in the FEM.
Stochastic Model and PEM

Model of Earthquake Excitation and Coherency.
There are several power spectral density (PSD) functions for the ground acceleration such as the filtered white noise ground motion model of Kanai-Tajimi model (S K-T ), Clough and Penzien model (S C-P ), and Ou model [30] . The Clough and Penzien model is chosen in the paper, shown in (3a) and (3b), where 0 is the intensity parameter, and are the resonant frequency and damping ratio of the first filter, and and are the resonant frequency and damping ratio of the second filter. Three types of soil, firm, medium, and soft, are selected and the parameters are shown in Table 1 . Acceleration and displacement PSD functions for the above three types of soils are shown in Figure 5 .
In fact, the intensity parameter 0 will decay during the propagation of ground motion. Kiureghian and Neuenhofer (1992) [31] present a model between the excitation points as (4) , where V app ( ) is the apparent velocity of the earthquake motion relating to frequency and is usually set to a constant for simplification, since there is no suitable model and the value of V app may fall in a wide range according to many recent research papers. The decay of PSD is considered in the paper.
Qu et al. (1996) present a model for the difference of intensity parameter 0 between excitation points as (5), where Δ 0 is the increment of 0 (unit: m 2 s −3 ); Δℎ (unit: m) and Δ (unit: m) are the difference of depth and distance projected on the propagation direction between different excitation points [32] . The coherency model of QWW was present based on the average results of several different coherency models with different many ground motions records rather than on a single record. Moreover, the differences of auto-power spectral density function between spatial excitations are considered, and this model was selected during the spatial excitation analysis.
There are several coherency models presented between the excitation points such as Hao model, HarichandranVanmarcke model, QWW model, Luco-Wong model, and Kiureghian model, and all of them are conditionally suitable for ground motion in general. The QWW model is chosen during the analysis in the paper. Qu et al. (1996) present a practical coherency model as (6) , based on records of SMART-1, where, 1 , 2 , 1 , and 2 are constants and 1 = 1.678 × 10 −5 , 2 = 1.219 × 10 −3 , 1 = −5.5 × 10 −3 , and 2 = 0.7674 [32] . The coherency models of QWW are displayed in Figure 6 . It is obvious that the coherencies diminish with both the distance and frequency . 
Pseudoexcitation Method.
The cross-PSD function matrix includes the effects of wave passage, incoherence, and site response and the elements can be expressed as
where is the power spectral density function of the support point , is the coherence function between support points and , and is the time at which the ground motion arrives to the th excitation point. The time delay between the th and th points is − = /V app , is the projected distance between support points of and on the propagation direction, and V app is the apparent velocity of the earthquake motion. The item exp( ( − )) represents the wave passage effect of ground motion.
Assume that the number of supporting points for structure is and the cross-spectral density function matrix of acceleration is given by (7b) [18] [19] [20] and the diagonal elements represent the PSD of each support point and the offline diagonal items represent the cross-spectral densities. 
The cross-PSD function matrix is an -dimensional Hermitian matrix and is usually positive or semipositive definite and can be decomposed as (7c), and the matrices J, B, and R are shown in (7d), (7e), and (7f), respectively, with T indicating transpose and * indicating complex conjugate.
The coherence function matrix R can be decomposed as R = QQ T , assuming that rank(R) = ≤ , and Q × can be obtained by a Cholesky decomposition. Therefore cross-PSD of excitation is S( ) = (BJQ) * (BJQ)
T , and the pseudoexcitation can be defined as P = BJQ exp( ). In fact, assume that the rank of S( ) is ( ≤ ), and the complex eigenvalue decomposition can be done to S( ) as (8a), where and Φ are the th eigenvalue and corresponding eigenvectors. Therefore the complex vector ( ) 0.5 Φ exp( ) can be employed as the th pseudoexcitation; all the pseudoexcitations are applied to the FEM in a Harmonic analysis step.
Assume that two arbitrary chosen variables vectors of structure are x and y, which may be displacements or internal forces and so forth, and the pseudoresponses arex andỹ under the pseudoexcitations, respectively. The auto-PSD and cross-PSD can be obtained by
There are three parts included in calculating the stochastic response of structures using PEM. First, select the PSD and coherency model and decompose the cross-PSD matrix of excitations and compose the pseudoexcitations. Second, modify the boundary conditions of the FEM and apply the pseudoexcitations and perform serials of Harmonic analysis. Third, extract the pseudoresponse of structure and calculate PSD of variables and the variance, RMS, and so forth. Figure 7 depicts the flow chart for the procedure of stochastic response calculation with the initial equilibrium state of the structure considered [33] .
The relationships between variance, autocorrelation function, and auto-power spectral density function are listed in (10a) for the random variable . The basic variables focused on including the PSD, root mean square (RMS), and the cross power spectrum and covariance between variables of the seismic response of structure such as displacements, acceleration, internal forces, and the relationships are shown in (10b).
Numerical Results
It is assumed that the earthquake ground motions propagate from ST-L to ST-R, as illustrated in Figure 2 , and the displacements and internal forces of stiffening girder and column of ST-L are discussed in detail. According to the code for seismic design of China, the pseudoexcitations are applied in three translation DOFs with the scale, 1 (longitudinal), 0. -1-2-3 , in which U1, U2, and U3 are the translation displacements in longitudinal, transverse, and vertical directions of the bridge, respectively. UR1, UR2, and UR3 are the rotation displacements about the global coordinate systems axis of 1-direction, 2-direction, and 3-direction. Internal forces of element are in element local coordinate, O--1 -2 . SF1, SF2, and SF3 are the axial force, shear force in 2 direction, and shear force in 1 direction, respectively. SM1 and SM2 are the element moments about 1 axis and 2 axis and SM3 is the element torsion about the tangent axis.
Uniform Excitation.
The distribution of RMSs of internal forces and displacements of stiffening girder under uniform excitations (firm, medium, and soft soil conditions) are displayed in Figure 9 , with variables notations shown in Figure 8 . Results reveal the followings. (1) RMSs of variables for the condition of soft soil are larger than those corresponding to medium and firm soils, and the tendency of distributions is consistent for each variable, since the mode frequencies of the bridge are in the range of the PSD concentrating, and the PSD for soft soil is larger than that of medium and firm soils, shown in Figure 4 length of girder are almost symmetrical about the mid tower.
(2) Extreme values of RMS of torsional displacements, UR1, appear at the end and mid span of each span of stiffening girder and the mid tower; however, the minimum RMS of U2 appears only at the end of girder and mid tower for the restrictions from towers. Notable fluctuations occur to UR2, due to the restraints from suspenders. (3) RMS of axial forces (SF1) reaches the maximum value at the mid tower because of the elastic connection between mid tower and girder, and the maximum value diminishes linearly to zero at both ends of girder. Both RMSs of shear force in vertical direction (SF2) and bending moment in vertical direction (SM1) show some fluctuations along the length of girder for the restraints of suspenders and the influence of gravity of the girder. The RMS of bending moment in transverse direction (SM2) of girder is much larger than that of SM1 or SM3 (torsion of girder) and the maximum occurs at the mid tower, which should receive much attention. There are three strong constraints on the torsional DOF of the girder at towers, and RMS of torque, SM3, of girder has peak values at the end of girder but is split into two peaks at the mid tower for the soft and medium soil conditions. (4) Three pairs of extreme RMS value of variables display alternation of peak and valley; they are (UR1, SM3), (UR2, SM1), and (UR3, SM2).
The distribution of RMSs of internal forces and displacements of side tower under uniform excitations are displayed in Figure 10 . Results reveal the followings. (1) RMSs of displacements along the height of tower in longitudinal (U1) and transverse (U2) direction are small relative to the bottom of side tower because of the stiffness of pylons of tower. RMSs of UR1 and UR2 distribute nonlinearly along the height of side tower; however, UR3 distributes linearly along the height of side tower. (2) Abrupt changes occur to the RMS of axial force (SF1), shear in longitudinal (SF3), and shear in transverse (SF2) at the same location of side tower of lower transverse beam. RMS of SF3 reaches the minimum value at about the location of 3/4 height of side tower. (3) The RMS of SM1 varies dramatically along the height of tower, and SM2 turns out to be in R-shape along the height of tower. RMS of SM3 is much smaller than that of SM1 and SM2, since the torsional angle of the pylon is very small, and the distribution along the height of tower changes little except for the condition of soft soil.
Spatially Varying Excitation.
There are five exciting points in the spatially varying excitation of Taizhou Bridge, left anchorage (ex1), left tower (ex2), mid tower (ex3), right tower (ex4), and right anchorage (ex5). Coherency model of QWW is adopted and the apparent velocity is taken as V app = 500 m/s, 1000 m/s, and 2000 m/s, respectively. The differences of excitation points in depth are neglected; that is, Δℎ = 0 in (5). Results of the bridge located in soil condition under spatially varying excitation are compared with those of uniform excitation. Five displacement pseudoexcitations are obtained by the method shown in Section 3.2, and the 1st, 3rd, and 5th pseudoexcitations of real and imaginary parts are displayed in Figure 11 . It is obvious that (1) the magnitude of both real and imaginary parts decays rapidly with frequency. (2) The pseudoexcitations diminish quickly along the propagation direction to the first excitation; for example, the maximum magnitude of real parts is about 0.24 at 1st pseudoexcitation and it diminishes to about 0.012 at the 5th pseudoexcitation. Figure 12 illustrates a comparison of the distributions of responses of RMS, displacements, and internal forces of stiffening girder under uniformly and spatially varying excitation, with three apparent velocities. The distributions of RMS along the length of girder appear to be in the same pattern, and RMSs under spatially varying excitations are smaller than those under uniform excitations, except for the RMS of U3, UR2, SF2, and SM1. It seems that the vertical vibration modes are sensitive to that vertical earthquake motion when subjected to spatially varying excitations. SF2 and SM1 are in consistency with U3 and UR2, respectively, and larger vertical deformation of girder, U3, will cause enlargement to UR2. It seems that the smaller V app is, the greater the responses of U3, UR2, SF2, and SM1 are; however, the responses of other variables such as U2, UR1, and UR3 and SF3, SM2, and SM3 are on the contrary. Therefore the 
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Multi-R The comparisons of RMSs of random internal forces response of upper mid tower column are displayed in Figure 14 . RMSs of SF1 (axial force), SF2 (shear force in transverse direction), and SM1 (bending moment in transverse direction) of the upper mid tower column under uniform excitation are larger than those under spatially varying excitations with different apparent velocities; however, RMSs of shear force in longitudinal direction (SF3) and bending moment in longitudinal direction (SM2) under uniform excitation are smaller than those under spatially varying excitations. It seems that spatially varying excitations have more influence on mid tower in longitudinal direction compared to that in transverse direction. Results also show that the smaller apparent velocity is, the larger RMSs of bending moment in longitudinal direction (SM2) and shear force in longitudinal direction (SF3) are, and apparent velocity has smaller effects on RMSs of SF1, SF2, and SM1 than on RMSs of SF3 and SM2. It is observed that the apparent velocity of ground motion has significant influence on the stochastic responses of the bridge.
Conclusions
The procedure for the computation of stochastic responses of long-span flexible structures under uniform and spatially varying stationary excitations based on PEM is presented, with the consideration of initial equilibrium state of structure, and is carried out by incorporating ABAQUS into Python language to calculate and process the results of random response in batch. Taizhou Bridge is taken as an example to study the character of stochastic responses of long-span multisuspension bridge such as TSB. The following conclusions can be drawn:
(1) The procedure for the computation of stochastic responses of long-span flexible structures under uniform and spatially varying stationary excitations based on PEM is presented, with the consideration of initial equilibrium state of structure.
(2) RMSs of displacements and internal forces of stiffening girder and side tower are in the same patterns when subjected to uniform excitations in the conditions of three types of soil, firm, medium, and soft. Stochastic responses of TSB are dependent on the condition of soil: the softer the soil is, the larger the stochastic responses are. Results also show that the smaller apparent velocity is, the larger RMSs of bending moment in longitudinal direction and shear force in longitudinal direction are, and apparent velocity has smaller effects on RMSs of axial force, shear force in transverse direction, and bending moment in transverse direction than on RMSs of bending moment in longitudinal direction and shear force in longitudinal direction.
